We model the growth of a one-dimensional solid by considering a modified Fourier law with a size-dependent effective thermal conductivity and a Newton cooling condition at the interface between the solid and the cold environment. In the limit of a large Biot number, this condition becomes the commonly used fixed-temperature condition. It is shown that in practice the size of this non-dimensional number is very small. We study the effect of a small Biot number on the solidification process with numerical and asymptotic solution methods. The study indicates that non-local effects become less important as the Biot number decreases.
c * , the density ρ * and the bulk thermal conductivity k * are assumed to be constant, and no 39 supercooling will be considered. Figure 1 : A liquid bath, initially at the freezing temperature T * f , starts to solidify due to a low external temperature T * e .
Classical formulation 41
The process is driven by the heat flow in the solid phase. The liquid remains at the freezing temperature T * f for all time. The temperature T * and heat flux q * in the solid are related via conservation of energy, which in one spatial dimension takes the form
In the classical formulation, the heat flux is determined by the gradient of the temperature, q * = −k * ∂T * ∂x * .
At the solid-liquid interface, the temperature of the solid is equal to the freezing temperature,
The heat exchange at the interface between the material and the environment is governed by a Newton cooling condition q * (0, t * ) = h * (T * e − T * (0, t * )),
where h * is the heat transfer coefficient. Contrary to the fixed temperature condition T * = T * e , where L * m is the latent heat of fusion. 45 Finally, at t * = 0 we assume that no solid has been produced, s * (0) = 0. 
where * is the phonon mean free path. The ratio * /L * is the Knudsen number and it determines the dominance of non-local effects in heat transport. In the limit L * * (Kn 1), Eq.
(7) reduces to k * ≈ 2k * 0 L * / * , which is in accordance with experimental data [24]. Conversely, in the limit * L * (Kn 1) the classical limit k * eff = k * is retrieved. In the current problem the system length-scale is determined by the size of the solid region, hence k * eff (L * ) = k * eff (s * ) and we obtain
which we assume to govern heat conduction through the solid. Upon combining Eqs. (1) and
The temperature at the solid-liquid interface is determined by Eq. (3), whereas at x * = 0
Eq. (4) becomes
The Stefan condition may now be written as
Dimensionless formulation 47
The temperature scale is given by the temperature jump at x * = 0, that is, ∆T * = T * f − T * e . The natural length scale of the problem is the mean free path * and hence we choose the corresponding diffusive time scale c * ρ * * 2 /k * , which balances the terms in Eq. (1). Consequently, we introduce the dimensionless quantities x = x * / * , s = s * / * , t = k * t * /(c * ρ * * 2 ) and T = (T * − T * f )/∆T * . Upon writing derivatives as indices, the dimensionless equations are
where β = L * m /(c * ∆T ) and Bi = h * * /k * are the Stefan number and the Biot number re-48 spectively. In melting problems, the latter is also called Nusselt number because the material 
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The effect of the Stefan number on the evolution of the interface in formulations with a 52 fixed temperature has been studied by many authors; see the books by Gupta [22] or Alexiades 53 and Solomon [23], for example. However, when Newton cooling conditions are applied, the 54 behaviour of the system when varying Bi has to be studied as well. In this paper we will use the thermophysical parameters of silicon, since it is material that is 57 widely used in theoretical studies [15, 17, [24] [25] [26] . The values of the relevant physical quantities 58 are given in Table 1 .
59
The Stefan number can be parametrized in terms of the temperature change as β = T * /∆T 60 and where T * = L * m /c * . Using the values given in Table 1 Hence, throughout this study we will assume β 1 and Bi 1. If necessary, the relative 75 size of β to Bi will be discussed during the analysis. Since the solid phase does not exist initially, a small-time analysis has to be carried out to study the initial dynamics of the system. To facilitate the analysis, we assume the remaining dimensionless numbers are order one in magnitude. In this way, the small-time behaviour applies to more limits that may arise in other situations where, for instance, the Stefan number is expected to be small [33] . An analysis of the results for asymptotic limits of these parameters can be performed afterwards. Let now t 1 and assume that the solid-liquid interface is approximated by an expression of the form s ≈ λt p (hence s t ≈ pλt p−1 ), where λ and p are constants to be determined. Neglecting terms of order t 2p gives F ≈ 2(1 − λt p ) and thus Eq.
(13d) can be written as
where we have used (1 − z) −1 ≈ 1 + z for z 1 and u ξ is evaluated at ξ = 1. The only possible way to balance with the r.h.s. of Eq. (14) is obtained by setting p = 1, hence 
The solution to (16) is
where erf(z) = 2π −1/2 z 0 exp(−t 2 )dt is the error function. Finally, λ is determined by substituting Eqs. (15) and (17) into Eq. (14) and taking the limit t → 0, which yields an equation
For a fixed value of Bi it is trivial to find β(λ), which can be used to plot the exact solution an approximate solution in this specific limit.
107
In the limit Bi, Bi/β → 0, Eq. (18) yields λ → 0, which indicates λ = O(δ) for some δ = δ(Bi, β) 1. We can make the approximations
which reduces Eq. (18) to 
where δ = Bi/β. Introducing this expansion into Eq. (18) yields a subproblem for each power of δ. The first-and second-order subproblems are
which gives λ 0 = 2/(2 + Bi) and λ 1 = −(3 + Bi)λ 3 0 /12 and hence
In Consider now the first-order approximation. Substituting into Eq. (17) and using Eq. (19) we can reduce u to
which may be used to approximate the temperature profile at a small time t 0 for Bi, β −1 1. The problem in the fixed domain is now discretized on a spatial grid of N + 1 points of the form ξ i = i N and a time grid with points of the form t n = t 0 + n∆t. In interior points of the domain, derivatives are approximated using second order central differences:
where u n i = u(ξ i , t n ) and ∆ξ = N −1 . Upon substituting these expression into Eq. (13a) and writing s = s n and ds/dt = s n t we obtain N − 1 algebraic equations of the form
with coefficients
Using Eq. (13c) we obtain
whereas the Newton condition at ξ = 0 becomes, after using second order forward differences,
where α n = F (s n )/(Bi∆ξ). To update the position of the moving boundary we discretize Eq.
(13d) explicitly for s to find s n+1 ,
where we have used second order backward differences to discretize u ξ at ξ = 1. Bi to β. In order to simplify the analysis we will focus only on three time regimes, which 117 correspond to s 1, s = O(1) and s 1.
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The first time regime is given by t = O(ε), where ε 1 is an artificial parameter, and it has already been partially studied during the small-time analysis. It describes the initial stage of the solidification, where the solid has not grown much yet, therefore x, s = O( 1 ) for some small 1 1. In addition, the small Biot number indicates that the influx of heat is very small and therefore the temperature is not expected to differ much from its initial value, T = O( 2 ) for 2 1. Upon defining the scaled variables t = εt, x = 1x , s = 1ŝ (thus f ≈ 2 1ŝ ) and T = 2T , by balancing terms in the Newton condition we find 2 = Bi. To ensure that freezing occurs att > 0 we need to balance both sides of Eq. (12d), which yields 1 = Biβ −1 ε ε. At the leading order, the system in the new variables readŝ
After applying the boundary conditions (31b) and (31c), the solution to Eq. (31a) iŝ
and therefore the position of the interface is determined bŷ
In the original non-dimensional variables we find
for t 1. Notice that this temperature profile coincides with the small-time profile given in 
whose solution is
The solid-liquid interface is therefore determined by
subject to the matching condition
In the original dimensional variables the solution in this time regime is therefore 
The solution to (40) is given byT
and thus the interface is determined byst
which can be integrated to give
where we choose C = 0 to satisfy the matching conditions determined by Eq. (39). In the original dimensionless variables the temperature profile is
whereas the solid-liquid interface is determined by 4Bi β t = Bis 2 + s 1 + (Bis) 2 + 4s + Bi −1 arcsinh(Bis).
To obtain s we must invert Eq. (44b) numerically. Equivalently, it can be calculated integrating 
